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Newton discovered that F' = ma. This tells us how particles will
move at each point in time

What governs the overall trajectories?
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Newton discovered that F' = ma. This tells us how particles will
move at each point in time

What governs the overall trajectories?

Newton’s laws are equivalent to minimizing a quantity, action, which
depends on whole trajectories
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No point in time is more special than the others, so the action should
care equally about every time slice

Write the action as an integral (sum) over all times:

s— [ ca

L is the Lagrangian
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Mathematics gives a recipe for converting Lagrangians to equations of

motion:
doL oL

dt 0@ Ox°
Example: in mechanics, £ =T — V, the difference of kinetic and
potential energies
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Mathematics gives a recipe for converting Lagrangians to equations of

motion:
doL oL

dt 0x Oz’
Example: in mechanics, £ =T — V, the difference of kinetic and
potential energies

Resulting equations of motion:

mi=———=F

ox

Newton's second law!
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Sometimes this is called “Lagrangian
mechanics.” This obscures a crucial
fact: all known physical theories can be
approached in the same way

Example: Lagrangian for V- E=4p
electromagnetism is { v.B=0
VxE=-33
E _ 1F F“V 4 o All' _ 1 E2 B2 V. )(28 = . (47&‘»: 'Qf'l‘l\
= gt A AT = 5( —B%)

T S i 1 NN
Maxwell’s equations on
Etsy

Using the recipe, this gives the dynamic
Maxwell equations in a vacuum:

ir . 10E
V-E = 47p, V><B——7rj+ 0
c ot
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If we already know Newton's laws and Maxwell's laws, why generate
them with a Lagrangian?

Lagrangians can be extremely powerful for understanding
conservation laws

Look again at the equations of motion:

doc_oc
dt 90 Oz’
What if L is independent of x?
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If we already know Newton's laws and Maxwell's laws, why generate
them with a Lagrangian?

Lagrangians can be extremely powerful for understanding
conservation laws

Look again at the equations of motion:

doc_oc
dt 90 Oz’
What if L is independent of x?

Independence of x generates a conserved quantity g—g
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If we already know Newton's laws and Maxwell's laws, why generate
them with a Lagrangian?

Lagrangians can be extremely powerful for understanding
conservation laws

Look again at the equations of motion:

doL oL
dt 0& Oz’
What if L is independent of x?
Independence of x generates a conserved quantity g—g
This is Noether’s theorem: a symmetry generates a conservation law
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By applying Noether’s theorem to time translation symmetry, we
obtain conservation of energy

The energy is given by

= Z@xl

This is also called the Hamiltonian
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“My masterpiece of mischief happened
at the fraternity.”

NEW YORK TIMES BESTSELLER
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“My masterpiece of mischief happened
at the fraternity.”

NEW YORK TIMES BESTSELLER
“Feynman! Did you take the doors?”
“Oh, yeah!", | said. "I took the door.
You can see the scratches on my
knuckles here, that | got when my
hands scraped against the wall as | was
carrying it down into the basement.”

“Surely
a You're Jokmg, .
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“My masterpiece of mischief happened
at the fraternity.”

WEW YORK TIMES BESTSELLER
“Feynman! Did you take the doors?”
“Oh, yeah!", | said. "I took the door.
You can see the scratches on my
knuckles here, that | got when my
hands scraped against the wall as | was
carrying it down into the basement.”

“The president says, ‘That's a very
good idea. On the fraternity word of
honor!" So he goes around the table _
and asks each guy, one by one:” (o -
guy, one by \ 7, %

-
RICHARDIP. FEYNM AN

“Funng beillnt, biwdy, ., endrmemly catertaining” — The New Yarker
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“My masterpiece of mischief happened
at the fraternity.”

NEW YORK TIMES BESTSELLER

“Feynman! Did you take the doors?”
“Oh, yeah!", | said. "I took the door.
You can see the scratches on my
knuckles here, that | got when my
hands scraped against the wall as | was
carrying it down into the basement.”

“The president says, ‘That's a very
good idea. On the fraternity word of
honor!" So he goes around the table _
and asks each guy, one by one:” (o -
guy, one by : 7, %

" < ” 7 /- ﬁ

Feynman, did you take the door? RICHARDIP. FEYNMAN
“Yeah, I took the doorn “Cut it Out, “Funny: brilliant, bawdy. . . enormesly entertaining.” —The New Yarker
Feynman; this is serious!”
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Classical states have definite values for
every observable

©

Quantum theory allows for ..

superpositions of definite states

When expressed in terms of position
states, quantum states are called
wavefunctions

o (o)
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Superpositions are interpreted as specifying probabilities

Measurement of a quantum system forces it to collapse into a definite
state, based on the probabilities

Until it is measured, the system evolves as a superposition
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Quantum systems evolve according to the Schrodinger equation:

.0
i ) = H19)

The operator H is the quantum version of the Hamiltonian
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Quantum systems evolve according to the Schrodinger equation:

L0
e [v) = H )

The operator H is the quantum version of the Hamiltonian

If a system is in a definite energy state, it evolves in a trivial way
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Quantum systems evolve according to the Schrodinger equation:

L0
e [v) = H[b)

The operator H is the quantum version of the Hamiltonian
If a system is in a definite energy state, it evolves in a trivial way

In the most general case, time evolution can be expressed in terms of
an operator U:

[(t1)) = Ult1,to) [¥(t0))
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Schrodinger's equation is like Newton's; it has information for each
time slice, but not long-term information

Can we write a Lagrangian for quantum mechanics?
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Schrodinger's equation is like Newton's; it has information for each
time slice, but not long-term information

Can we write a Lagrangian for quantum mechanics?

Technically, yes:

i . h?
L= (70 —40) ~ 5o VU VY =V 1y
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Schrodinger's equation is like Newton's; it has information for each
time slice, but not long-term information

Can we write a Lagrangian for quantum mechanics?

Technically, yes:

i . h?
L= (70 —40) ~ 5o VU VY =V 1y

Where's the connection to the classical Lagrangian? It is present, but
not evident.
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Schrodinger's equation is like Newton's; it has information for each
time slice, but not long-term information

Can we write a Lagrangian for quantum mechanics?

Technically, yes:

i . h?
L= (70 —40) ~ 5o VU VY =V 1y

Where's the connection to the classical Lagrangian? It is present, but
not evident.

“Beauty is the first test.” This fails.
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Feynman worked on the Manhattan
project in Los Alomos during World
War “ NEW YORK TIMES BESTSELLER

“To demonstrate that the locks meant
nothing, whenever | wanted somebody's
report and they weren't around, |'d just
go in their office, open the filing
cabinet, and take it out. When | was
finished | would give it back to the guy:
“Thanks for your report.”’

“l opened the safes which contained all
the secrets to the atomic bomb: the

schedules for the production of the y A5 -—
plutonium, the purification procedures, F[f,fc,lfdAkD‘PFE“ NV
how much material is needed, how the

bomb works..."
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Since quantum mechanics allows for superpositions, an electron can
go through two slits at once to get to a screen on the opposite side
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Before we wrote time evolution in a single step:

|9 (t1)) = Ults, to) [ (to))

We could also break up the time evolution into NV steps:

[(tn)) = Ultn, tn-1)U(En-1,tN-2) - - - U(t1, to) |9(to))

Ross Dempsey (Johns Hopkins University) Feynman and Least Action JHU Splash, 2018



Breaking up time evolution is somewhat like making a measurement
at multiple points along a path

One way of making a measurement is to use a double slit apparatus
and check which slit the particle goes through
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If we don't make measurements at the slits, the particle can be in a
superposition
The particle can take all possible paths through the slits
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Instead of a double slit, how about three? Four? N?

By adding slits, we increase the freedom of the particle to take
multiple paths

In the limit, there are no slits, just an open space
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We now have a new picture of quantum mechanics: particles taking
all possible paths from point A to point B

If this is how particles work, how come classically we see a single
path?
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In the sum over paths, each one is weighted by a phase factor.
Formally,

(f1iy = [ Do)

Since the quantity S varies, these factors cancel out
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In the sum over paths, each one is weighted by a phase factor.
Formally,

(fli) = / Da(t)eSle(t)

Since the quantity S varies, these factors cancel out

Except at the path where S is minimized
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The quantity S is the classical action for the path

The path integral reproduces the principle of least action
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